A class of space mappings of finite distortion with N and N −1 Luzin properties with respect to k-measured area is investigated. It is proved that, mappings mentioned above satisfy upper and lower inequalities for families of k-measures surfaces.
Introduction
As known, a class of maps with finite area distortion consists of mappings, which distort distance between points in a finite number of time and satisfy N and N −1 -Luzin properties with respect to k-dimensional area (see [1, Ch. 10] ). For such mappings, some modular inequalities with respect to families of surfaces are established in [1] . At the present paper we strengthen above results by considering more wide classes of surfaces, for which such inequalities still hold. The order of modulus p is assumed to satisfy the inequality p 1. Give some definitions.
Everywhere below, D is a domain in R n , n ≥ 2, m is the Lebesgue measure in R n , m(A)
the Lebesgue measure of a measurable set A ⊂ R n , m 1 is the linear Lebesgue measure in R. Recall that a mapping f : X → Y between measurable spaces (X, Σ, µ) and
is said to have the N-property if µ ′ (f (S)) = 0 whenever µ(S) = 0. Similarly, f has the
For x ∈ E ⊂ R n and a mapping ϕ : E → R n , we set
Let D be a domain in R n . Following to [1, разд. 8.3 ], a mapping f : D → R n is called a mappings with finite metric distortion, write f ∈ F MD, if f has the Luzin N-property and for almost all x ∈ D.
Let ω be an open set in
Sometimes we call the image S(ω) ⊂ R n by the surface S, too. The number of preimages N(y, S) = card S −1 (y) = card {x ∈ ω :
S(x) = y}, y ∈ R n is said to be a multiplicity function of the surface S at a point y ∈ R n .
In other words, N(S, y) means the multiplicity of covering of the point y by the surface S.
For a given Borel set B ⊂ R n (or, more generally, for a measurable set B with respect to the k-dimensional Hausdorff measure H k ), the k-dimensional Hausdorff area of B in R n associated with the surface S is determined by
is a Borel function, the integral of ρ over S is defined as
where the infimum is taken over all Borel measurable functions ρ 0 and such that
for every S ∈ Γ. We call each such ρ an admissible function for Γ (ρ ∈ adm Γ). The n-module M n (Γ) will be denoted by M(Γ). The modulus is itself an outer measure on the collection of all families Γ of k-dimensional surfaces (see [3] ).
Following [1] , a metric ρ is said to be extensively admissible for Γ (ρ ∈ ext p adm Γ) with respect to p-module if ρ ∈ adm (Γ\Γ 0 ) such that M p (Γ 0 ) = 0 (cf. [4] ). Accordingly, we say that a property P holds for almost every k-dimensional surface with respect to p-modulus, write p-a.e. surface, if P holds for all surfaces except a family of zero p-module.
Following [1, section 10.1], we say that a mapping f : D → R n has (A k )-property with respect to p-modulus if the two conditions hold:
property for each lifting S of S * with respect to area.
We also say that a mapping f : D → R n is of finite area distortion in dimension k = 1, ..., n − 1 with respect to p-modulus, abbr. f ∈ F AD k with respect to p-modulus, if f ∈ F MD and has the (A k )-property with respect to p-modulus.
n is a surface and if S 2 is a restriction of S 1 to a subdomain D * ⊂ D, we write S 2 ⊂ S 1 . We say that Γ 2 is minorized by Γ 1 and write Γ 2 > Γ 1 if every S ⊂ Γ 2 has a subsurface which belongs to Γ 1 . It is known that
and define for any x ∈ D and fixed p 1 . . . , α m : ω m → D in Γ such that f • α j ⊂ β for all j = 1, . . . , m, and for every x ∈ D and all z ∈ ω j the equality α j (z) = x holds at most i(x, f ) indices j. Then
Here we write f for p-a.e. surface S * in f (D) and all S with f (S) = S * . We show that (2.1) holds for p-a.e. S * ∈ Γ ′ and every S ∈ Γ such that f • S ⊂ S * .
Denote Γ 1 a family of surface S * ∈ Γ ′ for which
and some surface S with f • S ⊂ S * . Assume in the contrary, that M p (Γ 1 ) > 0. Let Γ 2 be a family of all subsurfaces S * * of Γ 1 , having a lifting S, for which (2.2) holds. Since
We reach a contradiction to our assumption that
where sup in (2.3) is taken over all {ν i 1 , . . . , ν is } such that ν i ∈ N, ν i = ν j if i = j, all s ≤ m and
where Denote
Since f | Bν is a homeomorphism, ϕ νl are well-defined. Moreover, since α j (z) = x holds for at most i(x, f ) indices j, there are at most m points ϕ ν 1 1 (y), . . . , ϕ νss (y), 1 s m, which are different, i.e., ν i = ν j , i = j. Setting ρ * (ϕ νl (y)) = 0 for y ∈ A νl , we observe that
Proof. By Theorem III.6.6 (iV) [11] , E = B ∪ B 0 , where B is a set of the class F σ , and m(B 0 ) = 0. Consequently, f (E) is measurable by N-property of f. Without loss of generality, we may assume that f (E) is a Borel set and that ρ * ≡ 0 outside of f (E). In other case we can find a Borel set G such that f (E) ⊂ G and m(G \ f (E)) = 0, see (ii) of the Theorem III.6.6 in [11] . Now, a set f −1 (G) is Borel and E ⊂ f −1 (G). Note that in this case the function
is a Borel function, as well. Now suppose that f (E) is a Borel set. Let B 0 and C * k , k = 1, 2, . . . , be as in Lemma 1.1. Setting by induction B 1 = C * 1 , B 2 = C * 2 \ B 1 , . . . , and 
